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J. P. Franck and W. J. Keeler 
Department of Physics, University of Alberta, Edmonton, Canada 

(Received 8 January 1968) 

The electron-phonon coupling strength in Pb, as measured by the "gap ratio" 2t:.olkT , 
decreases with increasing pressure. C 

We report here the results of a study of the 
pp (aUhe gap edge) t:., the transition temper­
llure Te, and the "gap ratio" 2t:.O/kTc of Pb 
15 a function of pressure and temperature. 
These results were obtained from electron­
!~nn e ling measurements on Pb-insulator-AI 
Jnctions subjected to approximately hydrostat­

!c pressures in solid helium. A study of Grun­
tis en gammas of Pb by this method has been 
reported previouslyl and showed the feasibil-
Ity of the method. 
The Pb-insulator-AI junctions were prepared 

by conventional methods on microscope slides. 
The junctions were mounted in a pressure cell 
lJld could be pressurized by freezing helium 
~! constant pressure. The pressure at the work­
Ing temperatures (S7"K) was determined by the 

,method described in Ref. 1 and was known to 
:6%, Pressures up to 3400 bar were used. 
The pressure cell could be thermally isolated 
(rom the bath, its temperature could be low­
ered to 1.4"K by pumping on a small helium 
reservoir or raised above the bath temperature 
by electrical heating. The cell temperature 
was determined with a germanium thermome-

ter to ±0.1 <fa . 
Direct measurements of di/ dv were made 

by an ac bridge technique. We obtained the 'gap 
t:. (T) from these measurements by fitting the 
normalized conductance (di/dv )s / (di/dv )n at 
,zero bias to Bermon's2 calculations for the 
BCS superconductor. We believe that this choice 
gives very nearly the gap at the gap edge. This 
method, however, becomef> increasingly inac­
curate at low reduced temperatures and was 
therefore only used for t /?' O, 55. The measure­
ments were supplementefl by a direct determin­
ation of the gap ·at '2.0"K, giving very nearly 
the zero-temperature energy gap t:. o' 

The transition temperature T c of the films 
was obtained by noting the disappearance of 
the gap in di/ dv; its uncertainty is estimated 
at ±0.15 %. 

The results for one parFcular junction are 
shown in Fig. 1; Similar, although not as exten­
sive, data were obtained 'for eight other junctions. 
The zero-pressure curve was measured before 
and after the pressure run and found to be re­
producible'. Figure 2 shows the same results 
in reduced form as [t:.(T)/kTc]2 vs t=T/ T c' 

t Plasmas 1 u,--.------.-----,-------.~__, 
Ionizzati (Asso­
~r l'Energia Nu· 

l 2 

to 

02 

5 6 
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FIG, 1. Energy gap (at the gap edge) of Pb as a func­
tion of temperature. Order of runs: black dots (,1>= 0); 
~pcn circles (,1> = 2730 bar); black squares (,1>= 0). 
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FIG. 2. Squared reduced energy gap (at the gap edge) 
of Pb as a function of reduced temperature. Black dots 
and squares, P=O; open circles, P= 2730 bar. 
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It is clear that the relation between reduced 
gap and temperature varies with pressure; 
increasing pressure moves this relation clos­
er to the universal BCS curve for a weak-cou­
pling superconductor. From Fig. 2 one can 
determine the relative shift of t:. (T) / kT c with 
pressure at constant reduced temperature. 
It is found that this shift is independent of re­
duced temperature, within the accuracy of the 
experiment, and given by d In[t:.(T)/kT c]/dP 
=-(5.6±O,6)£1Q-s/bar, t>0.55. As mentioned, 
we also determined the gap at T = 2.0"K, i.e., t 
"" 0.28. The relative shift of t:. (T)/kT c with 
pressure at this temperature was obtained from 
the shift in the extremum of d2i/dv2

; we found 
a slightly smaller value, d In(t:. (T)/kT c)/dP 
=-(4.8±0.5)xlO-s/ bar. At present, we do 
not believe that the difference between the val­
ues in the two temperature ranges is signifi­
cant and therefore base the following discus­
sion on an average value given by 

{d In[t:.(T)/kT c]!dP}t = const 

= -(5.2± 0.6)x lO-s/bar. (1) 

The pressure dependence of T c observed in 
this experiment was 

d lnT /dP = -(4.9 ± 0.2) x lO-s/bar, (2) 
c 

in good agreement with determinations on bulk 
materia1.3 ,4 From this it follows that 

[d lnt:. (T)/dP]t = const 

= -(10.1± 0.8)X lO-s/bar, (3) 

[dlnt:.(T) / dlnT ]t t=2.06±0.3. 
c = cons 

(4) 

It was further found that the reduced gap-tem­
perature relation for Pb, Fig. 2, can be obtained 
from the BCS relation by scaling with a constant 
factor; remaining deviations are of the order 
3 %. One can therefore, in good approximation, 
describe the temperature-dependent energy 
gap of Pb by a BCS relation, but assuming an 
empirical gap ratio 2t:. O/kT c deviating from 
3.53. In the present experiment, we find for 
this parameter 2t:.0/kTc=4.47 (P=O) and 4.41 

380 

(p=2730 bar). 
Hodder and Briscoe5 recently reported a study 

of Pb-insulator-Pb junctions that were mechan­
ically strained at liquid-helium temperatures. 
They observed a reduction of the energy gap 
with strain. Unfortunately, the volume reduc­
tion achieved in these experiments does not 
seem to be very well known, so that a compar­
ison with our results is not possible. No infor­
mation on the strain dependence of T c is giv­
en, in fact this is calculated assuming a con­
stant gap ratio. 

The main result of these experiments is that 
the coupling strength in Pb, as measured ap­
proximately by the gap ratio, decreases with 
increasing pressure (i.e., decreasing volume). 
This effect was also observed as a reduction 
in the phonon-induced anomalies in. the tunnel­
ing characteristics. We believe t~!lt the cou­
pling strength is reducecl, due to tl)e combined 
effect of a reduction with pressure of N(O), the 
single-particle denSity of states at the Fermi 
surface (Ref. 3), and to the incre'ase in phonon 
frequencies with pressure. The effect can prob­
ably be understood in terms of the present strong­
coupling theorys,7 along the lines indicated, 
e.g., by Wu. B Similar effects have been report­
ed for Pb-based alloys by Adler, Jackson, and 
Will9 and by Claeson.10 In these e~eriments 
the coupling strength was reduced by changing 
the density of states through alloying. 

From Eq. (4) it follows that in Pb the ener­
gy gap is proportional to the square of the tran­
sition temperature. We do not know of any rea­
son for this particular exponent, but expect 
that this dependence goes over into the famil­
iar linear dependence at suffiCiently high pres­
sures. 

The present results can be combined with 
published data on the pressure dependence of 
the condensation energy at O"K. Wadall has 
shown that, in general, 

H02/81T = N(O)I, 

where Ho is the critical field at O"K and I is 
a function of the renormalization factor and 
of the complex gap function. In the weak-cou­
pling limit the function I goes properly over 
into I =it:.0

2 to yield the BCS result. One can 
then introduce the ratio I/~t:.o 2 and use this as 
an approximate measure of the coupling strength, 
similar to the use of the gap ratio 2t:.0/kT c' 
For Pb, I/~t:.02:0.83,8 i.e., the condensation 
energy is smaller then given by the BCS expres-
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sion. The pressure dependence of this ratio 
is given by 

d In(J/%A02)/dP = 2(d lnHo/dP-d lnAo/dP) 

-d lnN(O)/dP. (6) 

We use dlnHo/ dP= -9.4x 1O-6 / bar, represent­
ing an average between the more recent mea­
surements of Garf~el and Mapother3 and of 
White-,l2 and d lnN(O)/ dP = -8.2x 1O-6/ bar, Ref. 3. 
combining this with our result, Eq. (3), we get 

d In (I/%Ao 2) / dP = +(9. 6 ± 3.4) x 10-6 /bar. (7) 

The indicated error includes the errors for 
rllnHoidP and d lnN(O) / dP quoted in Ref. 3. 
We find therefore again that increasing pres­
sure changes the properties of Pb towards those 
of a BCS superconductor. 
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QUANTUM PHASE FLUCTUATIONS IN SUPERCONDUCTING TIN 

B. T. Ulrich 
Ford Scientific Laboratory, Newport Beach, California 

(Received 18 December 1967) 

We have directly observed quantum phase fluctuations at the onset of long-range quan­
tum phase coherence in single-crystal bulk tin as it becomes superconducting. 

Upon becoming superconducting a normal 
metal develops long-range quantum mechan­
ical phase coherence.1 Observable secondary 
effects at the onset of this macroscopic quan­
tum state include the Meissner effect, vanish­
ing electrical resistance, and a discontinuity 
in the specific heat. This Letter reports the 
fi rst direct observation of the behavior of the 
quantum phase during the superconducting tran­
sition. We find that the superconductor pass-
es through a regime of temperature-dependent 
quantum phase fluctuation at the superconduct­
ing transition. 

A technique has been developed to establish 
a superconducting junction between a normal 
metal and a superconductor in which quantum 
phase coherence already exists. The resistance 
of a point contact junction between normal tin 
and superconducting niobium has been found 
to vanish at temperatures as high as 4.0"K, 
Significantly above the 3.72"K superconducting , 
transition of bu~ tin.2 Abov:e the transition 

of bu~ tin this junction exhibits super conduct­
ing characteristics typical of a weak link be­
tween two superconductors: (1) Current-volt­
age (I-V) characteristics possess a zero-volt­
age critical supercurrent, above which the junc­
tion is resistive . (2) Microwave radiation in­
duces structure in the J-V characteristics sim­
ilar to that observed in thin-film bridges or 
point contacts between two superconductors.3 

When used in a quantum interferometer4 these 
junctions serve as probes to investigate the 
onset of quantum -phase coherence in tin dur-
ing the superconducting transition. Such an in­
terferometer is shown schematically in Fig. l(a). 
Interference is observed only when quantum 
phase coherence exists along a path within the 
bu~ tin as well as in the niobium. In this ex­
periment the temperature is lowered through 
the tin transition temperature and quantum 
phase fluctuations at the onset of quantum phase 
coherence are directly observed. In the usual 
quantum interferometer the temperature depen-
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(' I\'ESSURE-DEPENDENCE OF THE PHONON SPECTRUM OF Pb FROM TUNNELING MEASUREMENTS* 

J.P. Franck and W.J. Keeler 

Department of Physics, University of Alberta, Edmonton, Canada 

and 

T.M . Wu 

Department of Physics, State University of New York, Binghamton, New York, U.S .A. 

(Rec eived 4 December 1968) 

The phonon spectrum of Pb has been obtained as a function of 
pressure from electron-tunneling data. The pressure-dependence 
of the electron-phonon coupling constant A, and other parameters, 
shows that Pb tends towards weaker coupling with increasing 
pressure. 

ELECTRON-tunneling measurements on Pb 
under approximate ly hydrostatic pressure make 
it possible to investigate the pressure-dependence 
of several microscopic parameters for thi s s trong­
coupling superconductor. We have previously 
published 1,2 informauon on the Gruneisen gamma 
Dnd the gap ratio 2b,ol kTc .Similar data have also 
been obtained by Zavaritskii el al. 3 

\lie present here results on a2 (w) F (w) - where 
'12(W) is the energy-dependent electron-phonon 
interact ion and F (w) is the phonon densi ty of 
s tates - and results on Uc ' the Coulomb pseudo­
potential, both at zero pressure and at a pressure 
of 3445 ba r. These results were obtained by 
Inverting the gap equation, using the experi-
mental tunneling density of states, N sew), a nd 
the energy gap at the gap edge, Ll o , as input­
data. 4 From a knowledge of aZ (w ) F (w) we can 
obtai n several parameters, and their pressure­
dependence, that are of interest in the theory of 
!; trong-coupling superconductors. 

The experimental data used in this inve rsion 
\le re obtained from Pb-insulator-Al tunnel 

• This work has been supported by grants from the 
National ~esearch Council of Canada. 
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junctions at T ~ 2°K, the Al being normal. 
Repetition of the measurement at 1.4° K showed 
no change in the tunneling data. The pressure 
data were taken at P = 3445 bar, generated in 
solid helium. The uncertainty in the applied 
pressure is approximately ± 6 per cent and this 
constitutes the major error in these measurements. 
Several other pressure runs were taken at pres­
sures between 2300 and 3400 bar to establish 
reproducibility. The results at 3445 bar were 
taken for the inversion process, since they give 
CI maximum effect. For mort details of the 
pressure method see references 1 and 2. 

In Fig. 1 the phonon spectrum a2 (w) F (w) 
is shown. The zero-pressure result is in good 
agreement with the data of McMillan and 
Rowell,s and Adler e t al.6 Unde r pressure the 
spectrum shifts to higher energies as expected. 
Griineisen constants corresponding to the shift 
of the transverse and longi tudinal phonon peaks 
were given tn reference 1, the present method 
cannot improve on these estimates. For ellergies 
away from these peaks we cannot obtain 
Gruneisen constants, since the pressure­
dependence of (12 (w) is not known. For this 
one has to await accurate determinations of 
F (w) under pressure by inelastic neutron 
scattering. 
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FIG. 1. The phonon spectrum a2 (w ) F (w) of Pb at P = 0 (black line) and P = 3445 ba r (dashed line). 
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P = 3445 bar, dashed lines. 

In Fig. 2 we give the compl e x gap function 
~(w) '" 1\,«(", ) I- i,\ «(u ) as functi on of e ne rgy 
and press ure. The ph onon em iss ion resona nces 
are shifted to hi ghe r ene rgies and somewha t 
reduced und e r pressure , ind ica tin g a move 
towa rd s weake r coupling. 

The Coulomb pseudo-potential, Uc ' obtained 
from the invers ion program is 0 . 12 at P = 0 
a nd 0 . 14 at P = 3445 ba r. Thi s re s ult is in good 
agreement with l\1 cMill an a nd Row ell s 's result , 
and a lso with the theoretic<.ll es timate7 of 
U c ~ 0 . 11. It should be s ta ted, howeve r, tha t 
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' owever, tha t 

I is obtained from the inversion program only 
. dh moderate accuracy; the apparent pressure­
il'pendence of U c can therefore not be taken 
t'lIotisly. 

The following parameters were calculated 
Irom a2 (w ) F (w ): 

(i) the average electron-phonon interaction: 

<a2 > '" J a2(w)F(w ) dw/JF(w) dw ; (1) 

(Ii) the electron-phonon coupling constant A, 
defined by: 

A = 2 f a2 (w~(w) dw; (2) 

(Iii) the renormalization constant Z = 1 + A; 

(iv) an average squared phonon frequency <w 2>, 
introduced by McMillan:8 

«,)2> = J wa2 (w)F(w) dw I J a2(w) F(: ) dw. (3) 

The results are given in Table 1. 

Table 1 

p Z 

(ba r) (meV) 

( 344~ 1.30 
1.32 

1.53 
1.43 

2.53 
2.43 

30.5 
33.7 

The pressure-dependence of the various 
quantities is then give n by: 

dln<a2>/ dP + 4.4 X 10 -6/ bar, 

dlnAjdP 18.8 x 10- ~bar , 

dlnZldP 11.2 x 1O-6/ bar, 

dln<w2 >/dP + 28.9 x 1O- 5/bar. 

Wc estimate the error in these derivatives at 
i 10 per cent. 

(4) 

(5) 

(6) 

(7) 

The small, pos itive pressure derivative of 
• 1l2> is not too surprisi ng. In calculating the 
il\'c rage , the region nea r the ph onon peaks is 
hcav ily weight ed and in this region one has 
d. l ~/dw>O, according to the estimates given by 
Sc;:dapino e/ (//.7 The s hift of the phonon peaks 
to highe r energies under pressure can the refore 

i t'xplain a posi tive pressure derivative of <.rtZ " . 
J 

i In spi te of thi s , it is obvious from the pressure 

I 

derivative of A and Z, that the coupling strength 
is reduced under pressure. The reason for this is 
that all phonon freque ncies are shifted to higher 
energies, where they enter the integral for the 
energy gap with reduced weight. 

Electron-phonon renormalization changes 
most parameters of the metal. We want to comment 
here on the density of states, No which is given 
by: 

No = N bs Z, (8) 

where Nbs is the band-structure density of states. 
The dens ities of states are here referred to unit 
volume. The measured press ure-dependence of 
Z allows us therefore to estimate the pressure­
depend ence of No : 

dIn No / dP = dIn Nbs / dP + dlnZ/ dP . (9) 

From the work of Anderson, O'Sullivan and 
Schirber9 it is known that the Fermi·surface of 
Pb scales under pressure approximately twice 
as fast as the Brillouin zone. \lie can therefore 
estimate , that the change of the band-structure 
density of states is about twice the free electron 
value . Numerically this gives dlnNbs/dP ~ 2/ 3 K 
= 1. 4 x 10 - 6/bar, where K is the low tern pera ture 
compressibility of Pb.'o Using our result (6) we 
get then : 

dIn No /dP = - 9.8 X 10--6/ bar. (10) 

The pressure-dependence of No is therefore 
negative and almost totally due to the change in 
electron-phonon renormali zat ion wi th pressure. 
An experimental determination of this derivative 
has been published by Ga rfinkel and Mapother," 
who measured the pre::;sure-dependence of y, the 
coefficient of the norm a l electronic specific hea t. 
These a uthors quote dlnNo / dP = (- 8.2 ± 1. 5) x 
lO -6/bar, in good agreement with our result. 

In a recent pape r, McMillan8 ha s deri ved 
approximate relations for Tr• and A of s trong­
coupling superconductors. One of his central 
results is that 

,\ = C/<w 2>, (11) 

where « ,)2"> is the ave rage de fined by (3). C is 
found by McMillan to be approximately constant. 
within a given class of ma te ri a ls, and a fortiori 
could be expec ted to be a constant for a met.d 
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at different pressures. The rel ation (11) predicts 
correctly the decrease of A wi th pressure; nume ri­
cally, however, it does not hold too well as a 
comparison be tween our results (5) and (7) shows . 
This may not be too surprising in view of the 
approximations used in McMillan's work. It 
appears that for the very strong-coupling super­
conductors like Pb (and Hg) only the full strong-

coupling theory will give satisfactory results. 

Acknowledgements - One of us (T.M. W.) woul d 
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